This paper presents ÿnite-di erence solution and analytical solution of the ÿnite-di erence approximations based on the standard explicit method to the one-dimensional Burgers equation which arises frequently in the mathematical modelling used to solve problems in uid dynamics. Results obtained by these ways for some modest values of viscosity have been compared with the exact (Fourier) one. It is shown that they are in good agreement with each other.
Introduction
We consider the one-dimensional quasi-linear parabolic partial di erential equation @u @t + u @u @x = v @ 2 u @x 2 ; a¡x¡b; t¿0;
with the initial condition u(x; 0) = (x); a¡x¡b;
and the boundary conditions u(a; t) = f(t) and u(b; t) = g(t); t¿0;
where v¿0 is the coe cient of kinematic viscosity and ; f and g are the prescribed functions of the variables. Historically, Eq. (1) was ÿrst introduced by Bateman [3] who gave its steady solutions.
It was later treated by Burgers [5] as a mathematical model for turbulence and after whom such an equation is widely referred to as Burgers equation. Many problems can be modelled by the Burgers equation [9] . For example, the Burgers equation can be considered as an approach to the Navier-Stokes equations [2, 12] since both contain nonlinear terms of the type: unknown functions multiplied by a ÿrst derivative and both contain higher-order terms multiplied by a small parameter.
The Burgers equation is one of the very few nonlinear partial di erential equation which can be solved exactly for a restricted set of initial function (x), only. In the context of gas dynamic, Hopf [11] and Cole [7] independently showed that this equation can be transformed to the linear di usion equation and solved exactly for an arbitrary initial condition (2) . The study of the general properties of the Burgers equation has motivated considerable attention due to its applications in ÿeld as diverse as number theory, gas dynamics, heat conduction, elasticity, etc.
The exact solutions of the one-dimensional Burgers equation have been surveyed by Berton and Platzman [4] . Many other authors [1, 6, 8, 10, [13] [14] [15] 17] have used a variety of numerical techniques based on ÿnite-di erence, ÿnite-element and boundary element methods in attempting to solve the equation particularly for small values of the kinematic viscosity v which correspond to steep fronts in the propagation of dynamic waveforms.
Statement of the problem
Consider the Burgers equation (1) with the initial condition u(x; 0) = sin( x); 0¡x¡1; (4) and the homogeneous boundary conditions u(0; t) = u(1; t) = 0; t¿0:
By the Hopf-Cole transformation [13] u(x; t) = −2v
the Burgers equation transforms to the linear heat equation
with the initial condition
and the boundary conditions
This means that if Â(x; t) is any solution of the heat equation (7) subject to the conditions (8) and (9) , then the transformation (6) is a solution of the Burgers equation (1) with the conditions (4) and (5) .
Using the method of separation of variables the (exact) Fourier series solution to the above linearized problem deÿned by Eqs. (7)- (9) can be obtained easily as
with the Fourier coe cients
Thus, using the Hopf-Cole transformation given by Eq. (6), the (exact) Fourier solution to the problem given by Eqs. (1), (4) and (5) is obtained as
where a 0 and a n (n = 1; 2; 3; : : :) are deÿned by Eqs. (11) and (12), respectively.
Methods of solution
The solution domain {(x; t) : x ∈ [0; 1]; t ∈ [0; ∞)} is discretized into cells described by the node set (x i ; t j ) in which x j = ih; t j = jk (i = 0(1)N ; j = 0(1)J; Nh = 1 and Jk = t f ) h ≡ x is a spatial mesh size, k ≡ t is the time step and t f is the ÿnal time.
An explicit ÿnite-di erence solution
A standard explicit ÿnite-di erence approximation to Eq. (7) with the boundary conditions (9) is given by
for j = 0(1)J with a truncation error of O(k) + O(h 2 ) (see, e.g., [16, Section 2] ). In the above equations, r = k v=h 2 and Â i; j denotes the ÿnite-di erence approximation to the exact solution Â(x i ; t j ) at the point (x i ; t j ). For stability analysis it is convenient to use Von Neumann's approach (see, e.g., [16, Section 2] ) to obtain the bound on the size of the time step k. It can be obtained as k6h 2 =2v. Thus, using the Hopf-Cole transformation given by Eq. (6), the explicit ÿnite di erence solution to the non-linear problem by Eqs. (1), (4) and (6) is obtained as
An exact-explicit ÿnite-di erence solution
Assume that the ÿnite-di erence equation (14b) has product solutions of the form
where f i depends on i (or x) only and g j depends on j (or t) only (see, e.g., [16, Section 3] ). Substitution of Eq. (16) into Eq. (14b) we obtain
Since the left member of Eq. (17) is independent of i and the right member is independent of j, the two equal expressions in Eq. (17) must both be equal to a constant c. Setting each member of Eq. (17) equal to this constant c gives the two homogeneous di erence equations for f i and g j , namely
and
The general solution of Eq. (18) is
where A is an arbitrary constant. Since the solution of Eq. (7) is periodic in x, the solution of Eq. (19) is periodic in i. Thus,
where B and C denote arbitrary constants, and
The boundary conditions (9) at x = 0 and x = 1, in terms of central di erences, lead to
respectively. Applying Eqs. (23) and (24) to Eq. (16) and utilising Eq. (21) we obtain C sin = 0 and B sin(N ) sin − C sin cos(N ) = 0, respectively. Since we are interested in the non-trivial solution of the problem it follows that sin(N ) = 0 giving = s =N , s = 0; 1; 2; : : : . Therefore, the di erence equation (21) takes the form
and from Eq. (22) we obtain 
where D = AB. Since Eq. (14b) is linear in Â i; j , the sum of di erent solutions is a solution of Eq. (14b). Thus, we form the series
Applying the initial condition (8) Thus, using the Hopf-Cole transformation given by Eq. (6), the exact-explicit ÿnite-di erence solution to the nonlinear problem is easily obtained as
It can be shown that when r = kv=h 2 the exact-explicit ÿnite-di erence solution (29) converges to the Fourier solution as the mesh size tends to zero, for ÿnite values of time t.
Numerical results and conclusions
All calculations were performed in double-precision arithmetic on a Pentium 166 processor using Microsoft FORTRAN Compiler. All results are obtained when the coe ecients of both series are equal to or less than 0:1 × 10 −9 . Tables 1 and 2 display results obtained by explicit solution (15) and exact-explicit ÿnite di erence solution (29) of the problem, respectively. It is observed that both results are reasonably in good agreement with the exact solution (13) , and exhibit the expected convergence as the mesh size is reÿned. Table 3 presents the values obtained by applying Richardson's extrapolation to the value of the weighted 1-norm deÿned by
T which gives an approximate rate of convergence of 1:9594 for the explicit method and 1:9536 for the exact-explicit method. Both are consistent with the theoretical expectation of O(h 2 ). It is also clear from Table 3 that the error in both solutions decreases as N increases. Table 2 Comparison of the exact-explicit ÿnite-di erence solutions with exact solution at t f = 0:1 for v = 1 and t = 0:00001 Tables 4 and 5 display explicit and exact-explicit ÿnite-di erence solutions for v = 0:1 and v = 0:01 with t = 0:001 at di erent times. It is clearly observed that both numerical predictions are reasonably in good agreement with the exact solution. It is seen that for small values of v, one must consider a large value of N to obtain proper solution. To achieve a better accuracy, large values of N and t must be taken since the (exact) Fourier solution fails for small values of v and t [13] .
In order to show how good the numerical solutions exhibit the correct physical characteristic of the problem we only give the graph in Fig. 1 which shows the numerical solutions at di erent times for v = 1:0, h = 0:025, k = 0:0001. The exact solution given by Eq. (13) also is drawn on the same ÿgure, but the graphs can not be distinguished due to the closeness of the numerical solutions to the exact one.
It is also possible to solve Burgers-like problems with di erent initial and boundary conditions by the above approach so-called the exact-explicit ÿnite-di erence method. For example, for the Burgers Table 3 Values of e 1 for numerical predictions shown in Tables  1 and 2 Table 4 Comparison of the numerical solutions with exact solution at di erent times for v = 0:1, x = 0:025 and t = 0:001 equation (1) with the boundary conditions (5) and the initial condition
the exact-explicit ÿnite-di erence solution can be easily obtained in the similar way to the previous problem. Obviously, the only marked di erence is the initial conditions which is Â(x; 0) = exp{−(3 − 2x)x 2 =3v}; 0¡x¡1:
Explicit and exact-explicit ÿnite di erence solutions obtained to the problem for v = 1:0 (with t = 0:0001) and v = 0:01 (with t = 0:001) at di erent times are displayed in Tables 6 and 7 . It is clearly seen that the obtained numerical results are in good agreement with the exact solution. Fig. 2 shows the numerical solutions for v = 0:1, h = 0:025, k = 0:01 at di erent times which exhibit Table 5 Comparison of the numerical solutions with exact solution at di erent times for v = 0:01; x = 0:0125 and t = 0:0001 the correct physical behaviour of the problem. All solutions are drawn on the same ÿgure since they are very close to each other. It is observed that in all calculations both solution series of the above Burgers equation with di erent initial and boundary conditions are used the same number of the terms to get good Table 6 Comparison of the numerical solutions with exact solution at di erent times for v = 1:0; x = 0:025 and t = 0:0001 approximation for v = 1:0, v = 0:1, and v = 0:01. For v¡0:01, our solutions show the same behaviour with the exact one of each problem.
In conclusion, since all the numerical results obtained by the above methods show reasonably good agreement with the exact one for modest values of v, and also exhibit the expected convergence as the mesh size is decreased, both methods can therefore be considered to be competitive and worth recommendation. The present solution is an alternative solution to the exact (Fourier) one. But if the initial condition u i; 0 of a problem is known only at the ÿnite number of the mesh points, for such a problem the present solution method is much more practical than Fourier one.
